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 Abstract 

The binary quadratic equation represented by the positive pellian 9112 22  xy  is analyzed for its distinct 

integer solutions. A few interesting relations among the solutions are given.  Further, employing the solutions of the above 

hyperbola, we have obtained solutions of other choices of hyperbolas, parabolas and special Pythagorean triangle. 
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INTRODUCTION 

      The binary quadratic equation of the form 122  Dxy , where D is  a non-square positive integer has been 

studied by various mathematicians for its non-trivial integral solutions when D takes different integral values[1-4]. For an 

extensive review of various problems, one may refer [5-20]. In this communication, yet another interesting hyperbola given 

by 9112 22  xy is considered and infinitely many integer solutions are obtained. A few interesting properties among 

the solutions are presented. 

 

METHOD OF ANALYSIS 

The positive pell equation representing hyperbola under consideration is 

                        
9112 22  xy                                    (1) 

whose smallest positive integer solution is 11,1 00  yx . 

To obtain the other solutions of (1), consider the pell equation 1112 22  xy  whose solution 

 is given by 
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Applying  Brahamagupta Lemma between  00 , yx
 
and  nn yx ~,~

, the other  integer solutions 

 of (1) are given by  

                    nnn gfx 111121122 1  , 

 nnn gfy 112112 1         
where  n= 0,1,2,….. 

The recurrence relations satisfied by the solutions x  and y  are given by  
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Some numerical examples of x  and y  satisfying (1) are given in the Table1 below. 

                           

Table1: Examples 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 From the above table, we observe some interesting relations among the solutions which are presented below. 

1) Both the values of nx and ny  are odd. 

2) Each of the following expressions is a nasty number. 

 
9

108274111 2232   nn xx
 

 
2286

2743269620311 2242   nn xx
 

 
381

457211603244 2232   nn xy
 

 
96771

11612522947168044 2242   nn xy
 

 
9

1086962032741 3242   nn xx
 

 
381

457244810964 3222   nn xy
 

 
3

3611603210964 3232   nn xy
 

 
381

45722947168010964 3242   nn xy
 

 
96771

11612524482784812 4222   nn xy
 

 
381

45721160322784812 4232   nn xy
 

 
3

36294716802784812 4242   nn xy
 

 
9

108259 3222   nn yy
 

n nx  ny  

0 1 11 

1 259 2741 

2 65785 696203 

3 16709131 176832821 

4 4244053489 44914840331 
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2286

2743265785 4222   nn yy
 

 
9

10825965785 4232   nn yy
 

 
 

3) Each of the following expressions is a cubical integer. 

 
54

822333274111 123343   nnnn xxxx
 

 
13716

20886093369620311 133353   nnnn xxxx
 

 
1143

174048665801622 123343   nnnn xyxy
 

 
290313

44207520661473584022 133353   nnnn xyxy
 

 
54

208860982236962032741 234353   nnnn xxxx
 

 
1143

672164462245482 214333   nnnn xyxy
 

 
9

17404816446580165482 224343   nnnn xyxy
 

 
1143

4420752016446147358405482 234353   nnnn xyxy
 

 
290313

67241772182241392406 315333   nnnn xyxy
 

 
1143

1740484177218580161392406 325343   nnnn xyxy
 

 
9

442075204177218147358401392406 335353   nnnn xyxy
 

 
54

3777259 214333   nnnn yyyy
 

 
13716

319735565785 315333   nnnn yyyy
 

 
54

77719735525965785 325343   nnnn yyyy
 

 

4) Relations among the solutions. 

 123 254   nnn xxx  

 121 12712   nnn xxy  

 122 12712   nnn xxy  

  131 322573048   nnn xxy  

 13224   nnn xxy  

 133 322573048   nnn xxy  
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 121 1344127   nnn xyy  

 131 34137632257   nnn xyy  

 132 134412732257   nnn xyy  

 231 3225712712   nnn xxy  

 232 12712   nnn xxy  

 233 12712   nnn xxy  

 212 1344127   nnn xyy  

 213 2688   nnn xyy  

 223 1344127   nnn xyy  

 321 1232257127   nnn yxx  

 312 134412732257   nnn xyy  

 133 34137632257   nnn yxy  

 233 1344127   nnn yxy  

 123 254   nnn yyy  

 

REMARKABLE OBSERVATIONS 
I. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of 

hyperbolas which are presented in the Table2 below. 

 

Tabsle2: Hyperbolas 

 

S. 

N

o 

(X,Y)              Hyperbola 

                    

1 
 1221 274111,112112259   nnnn xxxx  1166422  XY  

2  1331 69620311,11211265785   nnnn xxxx  75251462422  XY  

3  1221 5801622,11221125482   nnnn xyyx  522579622  XY  

4  1331 1473584022,11221121392406   nnnn xyyx  76337126551822  XY
 

5  2332 6962032741,11225911265785   nnnn xxxx  1166422  XY  

6  2112 2245482,11251811222   nnnn xyyx  522579622  XY  

7  2222 580165482,1125181125482   nnnn xyyx  32422  XY  

8  2332 147358405482,1125181121392406   nnnn xyyx  522579622  XY  

9  3113 2241392406,11213157011222   nnnn xyyx  76337126551822  XY
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10  3223 580161392406,1121315701125482   nnnn xyyx  522579622  XY  

11  3333 147358401392406,1121315701121392406   nnnn xyyx  32422  XY  

12  2112 259,274111   nnnn yyyy  1306368112 22  XY  

13  3113 65785,69620311   nnnn yyyy  88428163788112 22  XY
 

14  3223 25965785,6962032741   nnnn yyyy  1306368112 22  XY  

 

II. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of 

parabolas which are presented in the Table3 below. 

 

Table3: Parabolas 

 

S. 

N

o 

(X,Y)              parabola 

                    

1 
 223221 274111,112112259   nnnn xxxx  11664542  YX  

2  224231 69620311,11211265785   nnnn xxxx  752514624137162  YX  

3  223221 5801622,11221125482   nnnn xyyx  522579611432  YX  

4  224231 1473584022,11221121392406   nnnn xyyx  7633712655182903132  YX
 

5  324232 6962032741,11225911265785   nnnn xxxx  11664542  YX  

6  322212 2245482,11251811222   nnnn xyyx  522579611432  YX  

7  323222 580165482,1125181125482   nnnn xyyx  32492  YX  

8  324232 147358405482,1125181121392406   nnnn xyyx

 

522579611432  YX  

9  422213 2241392406,11213157011222   nnnn xyyx  7633712655182903132  YX
 

10  423223 580161392406,1121315701125482   nnnn xyyx

 

522579611432  YX  

11  424233 147358401392406,1121315701121392406   nnnn xyyx

 

32492  YX  

12  322212 259,274111   nnnn yyyy  130636860482  YX  
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13  422213 65785,69620311   nnnn yyyy  8842816378815361922  YX
 

14  423223 25965785,6962032741   nnnn yyyy  130636860482  YX  

 

III. Consider  111 ,   nnn xnyxm , observe  that .0 nm Treat nm,
 
as the  generators of the pythagorean 

triangle T   ,, ,  

mn2 ,
22 nm  ,

22 nm  . 

 Then the following interesting relations are observed. 

a) 95655    

b) 
P

A224
957    

c) 11

2
 nn yx

P

A
 

d) 9
112

272829 
P

A
  

CONCLUSION 

 In this paper, we have presented infinitely many integer solutions for the hyperbola represented by the positive 

pell equation 9112 22  xy . As the binary quadratic Diophantine equations are rich in variety, one may search for the 

other choices of positive pell equations and determine their integer solutions along with suitable properties. 
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